ESSAYS & COMM

Common Scaling Laws for Gity
Highway Systems and the

Mammalian Neocortex

variety of scaling laws are known for the mammalian neocortex relating gray

matter volume, total number of synapses [1, 2], white matter volume [3-9],

number of neurons [6, 10-12], surface area [4, 5, 13-16], axon caliber [1, 17],
and number of cortical areas or compartments [18]. These neocortical scaling laws
appear to be a consequence of selection pressure for a sheet-like structure
(namely, gray matter) to economically maintain a high level of interconnectedness
(1, 2, 19, 20]. We might therefore expect to find similar scaling laws for any sheet-
like structure under similar selection pressures, in which case the neocortex would
be just an instance of a more general kind of structure.

Here, we investigate city highway systems as a potential kind of network which
may be driven by similar principles as the neocortex. In contrast to neurons,
which are conduits for information-related signals on which brain computations
rely, highways are conduits for physical materials and people. But from the per-
spective of the city as a whole, the materials and people that highways transport
are crucial to the large-scale function carried out by the city, and are, in a sense,
signals—that one signal is electric and the other physical may not matter in regards to
the fundamental principles governing them. In addition to the prima facie analogy
between city highway networks and the brain’s neural connections, there are several
other reasons we chose to examine city highway networks. First, the organization of
city highway networks tends to be driven by political and economic forces over de-
cades, rather than being planned in advanced following known principles of highway
engineering [21]—i.e., city highways systems are a result of an evolution-like mecha-
nism. Second, cities are under selection pressure to efficiently interconnect via high-
ways and roads. Third, because cities lie on the land they are approximately a surface,
or a sheet. Fourth, highway network data are readily available (and our data set con-
sists of 60 U.S. cities varying in population from 10 to nearly 107, see Table 2 for raw
data). Finally, the organization of city highway systems is interesting in and of itself:
nearly half of Earth’s 6.6 billion people now live in cities, and cities are becoming ever
larger and densely populated. The proper functioning of a city requires that people
and materials be quickly moved throughout it. This is a very difficult design problem,
one that is magnified by the fact that city population tends to grow much faster than
city surface area, and cities tend to increase in population over time, so that the effi-
cient highway network must constantly evolve from the pre-existing one. Identifica-
tion of scaling laws governing how highway organization scales with city size could
potentially lead to better highway systems, and more efficiently running cities.
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TABLE 1

Comparison of City Highway System and Neocortex Exponents for Quantities as a Function of Surface Area
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neocortex exponent

Generic Name

Variahle for
City Highways

City Highway
System Exponent

Variable for Neocortex

Neocortex Exponent

Surface area

(@) No. of conduits

(b) Total no. of leaves

(c) No. of leaves per conduit

(d) Diameter of conduit
(e) Propagation velocity

(f) Total surface area of conduits

(9) No. of compartments

Land area

No. of highways

Total no. exits

No. of exits per
highway

No. of highway lanes

Velocity of cross-city
travel

Total surface of
highways

Population

No. of concentric

;
0.759 (0.083)
1.138 (+0.072)
0.379 (£0.064)

0.174 (+0.038)
0.108 (£0.021)

1.433 (0.096)

1.462 (+0.141)

0.390 (+0.055)

Total convoluted surface area
No. of pyramidal neurons
Total no. of synapses

No. of synapses per neuron

Diameter of white matter axon
Propagation velocity

of white matter axon
Total surface area of

white matter axons

Total volume of white
matter axons
No. of cortical areas

1

3/4 = 0.75

9/8 = 1125
3/8 = 0.375
1/8 = 0.125
1/8 = 0.125
11/8 = 1.375
3/2=15

3/8 = 0.375

ring regions

RESULTS

Number of Highways and Number

of White-Matter-Projecting

Pyramidal Neurons

The number of highways in a city is
prima facie analogous to the number
of white-matter-projecting, pyramidal
neurons in neocortex. Because cities
have a tendency to be organized radi-
ally around an urban city center, we
measured the number of highways as
the number of radially directed “spoke”
highways plus the number of concen-
tric “ring” highways. Combinations of
highway segments were categorized as
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a “ring” if they tended to allow circum-
ferential travel around the city center,
and as a “spoke” if they tended to
move radially away from the city cen-
ter. One can easily see this spokes-
and-rings organization in most of the
larger cities (e.g., the map of Houston
is shown above the city columns in
Table 1). The number of highways
increases in larger cities as approxi-
mately the 0.759 (95% confidence
interval: = 0.083) power of land area
[Figure 1(a)], similar to the exponent
of 3/4 found for the number of neu-
rons as a function of total convoluted
surface area in neocortex (Table 1a;

exponents range from about 0.7 to
0.81) [10-13]. (We have chosen not to
study surface-streets because it is the
highways that determine the global-
interconnectivity of cities—highways
are the “short-cuts” in cities that break
out of the local grid and make cities
well-connected, analogous to white-
matter-projecting neurons.)

Number of Highway Exits and Number
of Neuronal Synapses

Analogous to synapses in neocortex
are highway exits in city highway sys-
tems (measured as the number of exits
for a unidirectional traversal of all
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highway stretches), and Figure 1(b)
shows that the number of highway
exits increases as about the 1.138 (=
0.072) power of land area, or approxi-
mately as the 9/8 power. The number
of exits therefore increases more
quickly than land area, with surface
density of exits increasing as the 0.138
power, or approximately the 1/8 power,
of land area. In our data gathering, we
also measured the number of zip codes
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(using www.city-data.com) and the
number of public high schools (using
www.greatschools.net), and found that
each scales similarly to the number of
exits (Nyp = 0.1038"08470076 g2 — 0.97,
and Nyuphigh = 0.1068"'2070997 R =
0.95, where S is land area), so that they,
too, have similarly increasing surface
density as cities enlarge. Some of the
increasing surface density of these
infrastructure-like variables may be

accommodated by the “thickness” of
cities increasing, because larger cities
tend to have taller buildings (for post
offices and high schools, for example),
and greater numbers of raised high-
ways. We do not currently possess “city
thickness” data (e.g., average building
height) on which to test whether city
thickness rises slowly as approximately
the 1/8 power of land area. For neocor-
tex, it is known that the total number of
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synapses—which scales proportionally
to gray matter volume [1, 22]—scales
approximately as the 9/8 = 1.125 power
of total convoluted surface area (Table
1b; exponents range from about 1.085
to 1.124; Refs. 4, 5, and 13-16). This is
very close to the exponent of 1.138 for
the total number of highway exits (Table
1b), suggesting perhaps that 9/8 may be
the theoretical exponent for exits (as
well as for number of zip codes and
number of public high schools). As was
the case for city highway networks, the
surface density of synapses rises
approximately as the 1/8 power of neo-
cortex surface area, and this is entirely
accommodated by the thickness of gray
matter increasing as the 1/8 power [4, 5,
13-16], amounting to a slow increase
from about half a millimeter in the
smallest mammals to a couple milli-
meters in man. Gray matter thickness
may, then, be akin to the surface density
of a city (some of this surface density
increase in cities which may literally be
due to increasing “thickness,” i.e., to
cities growing in the third dimension).
An immediate consequence of how the
number of leaves (i.e., exits and synap-
ses) and conduits (i.e., highways and
white-matter axons) scale is that for
both city highway systems and neocor-
tex, the number of leaves per conduit
(i.e., no. of exits per highway and no. of
synapses per neuron) scales approxi-
mately as the 3/8 power of surface area
(Table 1c). (It also follows that the num-
ber of leaves per conduit scales approxi-
mately as the square root of the number
of conduits.)

Number of Highway Lanes and
Diameter of White-Matter Axons

The number of highway lanes (mea-
sured by sampling from each highway
using maps.google.com) is prima facie
analogous to the caliber of an axon,
and rises as approximately the 0.174
(=0.038) power of surface area [Figure
1(c), bottom; Table 1d], close to an
exponent of 3/16 = 0.1875. In neocor-
tex, the diameters of white-matter
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axons scale more slowly than this,
namely approximately as the 1/8 =
0.125 power of the total convoluted
neocortex surface area (Table 1d) [1, 2,
19, 20]. Evidence for this comes both
from derivations from other scaling
exponents [1, 2], as well as from more
direct measurements across myelin-
ated and unmyelinated neurons in cor-
pus collosum leading to exponents of
0.118 [17] and 0.146 [23, extracted
from their Figure 1(e)]. [Although these
data are across both myelinated and
unmyelinated white matter axons, most
of the diameter increase in larger brains
occurs among the myelinated axons
[23]; so the scaling exponent of about
1/8 for axon caliber is representative of
how myelinated axons scale, not
unmyelineated axons.] Highway “cali-
ber” thus appears to scale more quickly
than white matter axon caliber (Table
1d). Highways are inherently two-
dimensional (or one-dimensional cross
section), however, whereas axons are
three-dimensional (or two-dimensional
cross section), and so some differences
in how conduit diameter increases as a
function of the number of leaves per
conduit may be expected. For neocor-
tex, the number of synapses per neu-
ron, 3y, appears to relate to axon di-
ameter, dayon, aS Sgyn ~ d3..n consistent
with Murray’s Law [2, 24-26]. For city
highway systems, however, the number
of exits per highway, 8., appears to
relate to highway diameter, dyighway as
B ~ ARSI = GEIR.. That is,
rather than Murray’s d*-law holding, it
appears closer to a d*-law for highways.

Cross-City Travel Speed and White
Matter Axon Conduction Velocity

We measured cross-city travel speed
(measured as the road distance trav-
eled across the city divided by the
travel duration, using design speeds—
i.e, no traffic models were used—,
averaged for two trips, one across the
“long” axis of the city and the other
along the “short” axis, and using a
combination of Mapquest and Google

Earth) as the analog of white matter
propagation velocity, and found that
cross-city travel speed increases as the
0.108 (= 0.021) power of land area
[Figure 1(c), top; Table le]. For neo-
cortex, myelinated axon conduction
velocity is directly proportional to axon
diameter [27-29], and so white matter
axon conduction velocity scales as
approximately the 1/8 = 0.125 power
of total convoluted surface area (Table
1le), which is close to the exponent for
cross-city travel speed. Unlike the
direct proportionality between speed
and conduit diameter for neocortex
conduits, cross-city travel speed scales
much more slowly than highway diam-
eter [Figure 1(c), and Table 1]—namely
speed, u ~ dpighway ' = dhighway (al-
though the slope confidence intervals
are sufficiently high that neither a
direct proportionality nor a square root
law can be rejected).

Total Highway System Surface Area
and Total Surface Area of White
Matter Axons

Neocortex white matter volume scales
as approximately the 3/2 power of
total convoluted surface area (with
exponents ranging from about 1.4 to
1.52, Table 1) [3-9]. The most straight-
forward analog of white matter volume
for city highway networks would be
the entire volume utilized by highways,
but we do not currently possess data
for highway “depth,” and cannot calcu-
late volume (we do not know, for
example, if highway depth scales in
the same manner as width). However,
highway volume may not be an inter-
esting measure because highway traffic
would appear to depend on the width
of the highway (or number of lanes),
not on the depth. Thus, the total sur-
face area of highways would appear to
be of interest, and the neocortical ana-
log of this is the cumulative surface
area of white matter axons. Total white
matter surface area is the product of
the number of neurons, the length of
white matter axons, and the axon di-
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ameter. Assuming axon length scales
as the cube root of white matter vol-
ume, one may derive (using exponents
in Table 1) that the total surface
area of white matter axons scales as
the 11/8 = 1.375 power of total convo-
luted surface area. The total highway
surface area may similarly be esti-
mated, and assuming highway length
scales as the square root of city land
area, one may derive (using exponents
in Table 1) that total highway surface
area scales as the 1.433 (= 0.096) power
of city land area, close to the 11/8 expo-
nent for the analogous quantity in neo-
cortex (Table 1f).

Population

Population of a city scales approxi-
mately as the 1.462 (*=0.141) power of
city land area [Figure 1(d), Table 1],
meaning population density increases
nearly as the square root of land area.
How do larger cities accommodate
such relatively fast increases in popu-
lation density? Based on the similarity
of this exponent to that for total high-
way surface area, one might speculate
that highway surface area per popula-
tion may be an invariant (although see
Ref. [30] where population scales as
the 1.205 power of road (not highway)
surface area for a set of 29 German
cities). That is, it suggests that rather
than population being driven by city
surface area, population may be being
driven by the total surface area of
highways, as if each person requires
some fixed allotment of highway sur-
face area (e.g., the area required by a
car for safe travel). An alternative hy-
pothesis is that perhaps population
actually scales as the 3/2 power of sur-
face area (also within the 95% confi-
dence interval), and this could be
explained by modeling the population
as flowing on a surface with a central
source or sink (such as the city center),
where it has been shown [31] that the
mass of the flowing material scales as
the 3/2 power of the surface area (and,

© 2009 Wiley Periodicals, Inc.
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more generally, as (D + 1)/D where D
is the dimension of the system).

City "Ring Region” Compartments
and Cortical Areas

An explanation for neocortical scaling
concerns the economical manner in
which neocortex compartmentalizes as
the brain enlarges, and has been suc-
cessful in predicting the number of
cortical areas, interarea connectivity,
and intra-area connectivity scale with
brain size [1, 2, 18-20]. Cities compart-
mentalize as well. For example, there
tends to be a downtown business dis-
trict, rather than finding these busi-
nesses uniformly distributed through-
out the city. Such compartmentaliza-
tion may tend to minimize costs for
the infrastructure needed near busi-
nesses, as well as minimizing travel
costs for business-business and busi-
ness-infrastructure interactions, keep-
ing travels short and on surface streets
within each functionally specialized
area. Too few compartments in a city
will tend to be uneconomical because
within-compartment travel will become
too costly, and too many compartments
will tend to be uneconomical because
(given that each compartment will tend
to require a highway route to all the
other areas) of unnecessarily high high-
way costs. For neocortex, this tradeoff
leads to the compartments increasing
approximately as the 3/8 power of total
convoluted surface area [1, 18]. For
cities it is not yet clear to us how to
measure compartmentalization. Because
cities tend to change their make-up as
a function of radial distance from city
center, one hypothesis for what city
compartments might be are the con-
centric ring regions around the city,
starting with city center. For example,
the city map shown in Table 1 pos-
sesses four concentric ring regions.
Interestingly, this notion of city com-
partments does scale approximately as
the 3/8 power of land area (no. of ring
regions ~ 0.338039 = 0055 p2 — 88,
Table 1g), although whether this is an

appropriate measure of the number of
city compartments we do not yet know.

DISCUSSION

Cities are not brains, of course, and
the metaphor can only be pushed so
far. For example, whereas a single
white matter axon tends to connect
just two regions of neocortex, and
makes no direct axon-axon connec-
tions, a single highway makes en pas-
sant exits all along its length, and con-
nects directly to other highways via
interchanges (no. of interchanges
~ 0.0518%9%=0127 2 = 092, or
approximately directly proportional to
land area). And it is not clear what the
brain analogy for population might be.
Nevertheless, Table 1 and its plot on
the upper left show that there are wide
similarities for these two radically
different kinds of network, suggesting
that they are instances of a more
general class of network. City highway
networks may actually provide a model
for better understanding fundamental
properties of neocortical scaling,
having the benefit of comparably
infinite amounts of easily-accessible,
free data.

METHODS

Data were selected so as to have
approximately six cities for each 0.25
interval in the logarithmic population
range from 4 (i.e., small populations of
around 15 k) through 7 (i.e., large pop-
ulations of nearly 10 million); this
could not be kept up among the larg-
est cities because of their rarity, and
fewer were accordingly used for several
of the upper logarithmic bins. To fill
these logarithmic population bins,
cities were sampled randomly from
http://www.city-data.com; a city was
rejected if it possessed no highway
within its city boundary, or if it was a
suburb of a larger city (and thus not
the center of its highway network). The
data are shown in Table 2. City boun-
daries were used to determine the
extent of the city. The number of high-
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ways was operationalized as the num-
ber of radially directed “spoke” high-
ways plus the number of concentric
“ring” highways (motivated by the fact
that cities have a tendency to be
organized radially around an urban
city center); combinations of highway
segments were categorized as a “ring”
if they tended to allow circumferential
travel around the city center, and as a
“spoke” if they tended to move radially
away from the city center; in nearly all

cases counting the number of “spokes”
and “rings” suffered little or no ambi-
guity. The total number of highway
exits in a city was measured as the
number of exits for a unidirectional
traversal of all highway stretches; these
data were accessed utilizing Google
Maps. The number of zip codes within
a city boundary was acquired from
www.city-data.com. The number of
public high schools within a city was
acquired from www.greatschools.net.

The average number of highway lanes
was determined via Google Maps, sam-
pling the number of lanes for each
highway. Cross-city travel speed was
measured as the road distance traveled
across the city divided by the travel
duration, using design speeds—both
Mapquest and Google Earth were used
to get these estimates—two estimates
were made for each city, for trips along
the “long” axis and along the “short”
axis of a city.
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